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Abstract: Previous studies have used principal component analysis (PCA) to investigate the 
craniofacial relationship, as well as sex determination using facial factors. However, few studies have 
investigated the extent to which the choice of principal components (PCs) affects the analysis of 
craniofacial relationship and sexual GLPRUSKLVP. In this paper, we propose a PCA-based method for 
visual and quantitative analysis, using 140 samples of 3D heads (70 male and 70 female), produced 
from computed tomography (CT) images. There are two parts to the method. First, skull and facial 
landmarks are manually marked to guide the model¶s registration so that dense corresponding 
vertices occupy the same relative position in every sample. Statistical shape spaces of the skull and 
face in dense corresponding vertices are constructed using PCA. Variations in these vertices, 
captured in every principal component (PC), are visualized to observe shape variability. The 
correlations of skull- and face-based PC scores are analysed, and linear regression is used to fit the 
craniofacial relationship. We compute the PC coefficients of a face based on this craniofacial 
relationship and the PC scores of a skull, and apply the coefficients to estimate a 3D face for the skull. 
To evaluate the accuracy of the computed craniofacial relationship, the mean and standard deviation 
of every vertex between the two models are computed, where these models are reconstructed using 
real PC scores and coefficients. Second, each PC in facial space is analysed for sex determination, for 
which support vector machines (SVMs) are used. We examined the correlation between PCs and sex, 
and explored the extent to which the choice of PCs affects the expression of sexual GLPRUSKLVP. Our 
results suggest that skull- and face-based PCs can be used to describe the craniofacial relationship 
and that the accuracy of the method can be improved by using an increased number of face-based 
PCs. The results show that the accuracy of the sex classification is related to the choice of PCs. The 
highest sex classification rate is 91.43% using our method. 
 
Keywords: &RPSXWHG WRPRJUDSK\ &7 GHQVH FRUUHVSRQGLQJ YHUWLFHV VWDWLVWLFDO VKDSH VSDFHV
VKDSHYDULDELOLW\FUDQLRIDFLDOUHODWLRQVKLSVH[XDOGLPRUSKLVP  
1. ,QWURGXFWLRQ 
Facial appearance and the geometric shape of the mouth, nose, and eyes are affected by the 
geometry of the bony structures >@Medical images provide a considerable amount of information 
that allows researchers to investigate the craniofacial relationship between the skull and face [2-6], 
face shape variability [7-11], bone shape variability [12], and brain morphology[13].  
7R HVWDEOLVK WKH FUDQLRIDFLDO UHODWLRQVKLS DQDO\VLV RI IDFLDO VRIW WLVVXH WKLFNQHVV )677 DW
DQDWRPLFDOODQGPDUNVKDVEHHQXVHGLQPHGLFDOLPDJHDQGGLJLWDOPRGHOV>@)677LVDIIHFWHG
E\PDQ\IDFWRUVVXFKDVDJHVH[ERG\PDVVLQGH[%0,DQGHWKQLFLW\VHH>-@IRUDVXPPDU\
RIWKHVWDWLVWLFDOGHVFULSWRUVDQGUHJUHVVLRQHTXDWLRQVRI)677DWHYHU\ODQGPDUN7KHGLVDGYDQWDJH
RI WKLVPHWKRG LV WKDWQR VWDQGDUGFULWHULDH[LVW IRUFKRRVLQJ WKHanatomical landmarks [5, 21] and 
manual acquisition of the )677measurements is a tedious task [22].$OWKRXJKan alternative method 
exists, in which the densely calculated FSTT of every vertex is taken [23, 24], describing the 
craniofacial relationship among all the samples remains a challenge. 
To address the limitations of the above FSTT methods, regression LVDSURPLQHQWWHFKQLTXHWKDW
FDQEHXVHGWRPDSWKHstatistical shape spacesRIWKHVNXOODQGIDFH>--@%HFDXVHRIWKHODUJH
QXPEHU RI YHUWLFHV ! VWDWLVWLFDO VKDSH VSDFHV DUH ILUVW FRQVWUXFWHG XVLQJ principal 
component analysis (3&$DQGWKH3&VDQGFRUUHVSRQGLQJ3&VFRUHVDUHFRPSXWHG(YHU\YHUWH[RI
WKH VNXOO DQG IDFH LVSURMHFWHGRQWR ORZ-GLPHQVLRQ OLQHDU VXEVSDFHVDQG WKHQ WKHVNXOO-EDVHGDQG
FRUUHVSRQGLQJ IDFH-EDVHG 3& VFRUHV DUH XVHG WR TXDQWLI\ VKDSH YDULDWLRQ 6HYHUDO FODVVLF PDFKLQH
OHDUQLQJWHFKQLTXHVKDYHEHHQXVHGWRHVWDEOLVKWKHFUDQLRIDFLDOUHODWLRQVKLSEDVHGRQWKHVNXOO-DQG
IDFH-EDVHG3&VFRUHVIRUH[DPSOHVXSSRUWYHFWRUUHJUHVVLRQ>@ODWHQWURRWUHJUHVVLRQ>@DQG
SDUWLDO OHDVW VTXDUHV UHJUHVVLRQ 3/65 > -@. +RZHYHU IHZ SDSHUV KDYH GHVFULEHG WKH shape 
variation of the skull and face or discussed the reason why linear regression is used to investigate 
craniofacial relationships. In addition, WKH H[WHQW WR ZKLFK WKH FKRLFH RI 3&V LQIOXHQFHV WKH
FRPSXWDWLRQRIWKHcraniofacial relationshipQHHGVWREHLQYHVWLJDWHG 
3UHYLRXV VWXGLHV KDYH LQYHVWLJDWHG WKH VH[ual dimRUSKLVP RI IDFH VKDSH YDULDWLRQ ZKHUH D
VWURQJ UHODWLRQVKLSEHWZHHQ IDFLDO VL]H and sexual dimorphism was shown [30-32]. The effects on 
face shape variation related to age [7], population [33], and genetic association [34] have been 
extensively studied. 3RLQW GLVWULEXWLRQ PRGHO 3'0 DQG geometric morphometric (GMM) 
techniques have been widely used to statistically and visually understand face shape YDULDWLRQ based 
on a few anatomical landmarks >   @. 9LVXDOL]DWLRQ RI WKH UHODWLRQVKLS EHWZHHQ IDFLDO
IHDWXUHV FDSWXUHG LQ HYHU\3&KDVEHHQXVHG WRDQDO\VHFUDQLRIDFLDOPRUSKRPHWULFFKDQJHV>@ ,Q
UHFHQW \HDUV GHQVH FRUUHVSRQGLQJ YHUWLFHV KDYH EHHQ XVHG > @ EHFDXVH WKH XVH RI ODQGPDUNV
GHFUHDVHVVWDWLVWLFDOSRZHUDQGQHJDWLYHO\DIIHFWVVKDSHFKDQJHDQDO\VLV>@7RSUHGLFWWKHVH[RIDQ
LQGLYLGXDOIURPDJLYHQIDFLDOVKDSHVHYHUDOFODVVLILFDWLRQPHWKRGVKDYHEHHQXVHGIRUGLJLWDOPRGHOV
VXFK DV VWHS-ZLVH GLVFULPLQDWLRQ OLQHDU GLVFULPLQDQW DQDO\VLV DQG DGDSWLYH ERRVWLQJ $GDERRVW
>-@+RZHYHUZKHQXVLQJODVHUVFDQQLQJDQGneuroimaging VKDSHGLIIHUHQFHVGRH[LVWEHWZHHQ
IDFLDOPRGHOVbecause of gravity[38], and new findings IURP WKHQHXURLPDJLQJGDWD of suFK IDFLDO
PRGHOVshould be considered 
,Q WKLV SDSHU ZH SURSRVH D YLVXDO DQG TXDQWLWDWLYH PHWKRG to analyse the FUDQLRIDFLDO
UHODWLRQVKLS DQG LQYHVWLJDWH WKH IDFH VKDSH variability RI VH[XDO GLPRUSKLVP XVLQJ GHQVH
FRUUHVSRQGLQJ YHUWLFHV 9LVXDOL]DWLRQ RI VNXOO DQG IDFH VKDSH variability, FDSWXUHG LQ HYHU\ 3& LV
FRQGXFWHGWRGHWHUPLQHWKHH[WHQWWRZKLFK3&VTXDQWLI\WKHFUDQLRIDFLDOUHODWLRQVKLS:HDQDO\VHWKH
FRUUHODWLRQEHWZHHQVNXOO- DQG IDFH-EDVHG3&VFRUHV DQG OLQHDU UHJUHVVLRQ LVXVHG WR UHSUHVHQW WKH
FUDQLRIDFLDOUHODWLRQVKLS:HFRPSDUHWKHPHDQDQGstandard deviation RIHYHU\YHUWH[DQGH[SORUH
WKHHIIHFWRIWKHFKRLFHRI3&VRQWKHDFFXUDF\RIFUDQLRIDFLDOUHODWLRQVKLSFRPSXWDWLRQ,QDGGLWLRQ
ZHDQDO\VHWKHPDQQHULQZKLFKHYHU\3&DIIHFWVIDFHVKDSHYDULDELOLW\:HSUHGLFWWKHVH[RIDJLYHQ
IDFH XVLQJ VXSSRUW YHFWRU PDFKLQHV 690V DQG DQDO\VH WKH H[WHQW WR ZKLFK WKH FKRLFH RI 3&V
DIIHFWVVH[FODVVLILFDWLRQ 
6HFWLRQZLOOGHVFULEHWKHPDWHULDOVDQGPHWKRGVXVHGLQRXUZRUN6HFWLRQZLOOSUHVHQWWKH
UHVXOWVDQG6HFWLRQZLOOFULWLFDOO\GLVFXVVWKHVH)LQDOO\6HFWLRQZLOOJLYHWKHFRQFOXVLRQV 
2. 0DWHULDOVDQG0HWKRGV 
0DWHULDOV 
$WRWDORIOLYLQJLQGLYLGXDOVPDOHDQGIHPDOHRI+DQ&KLQHVHQDWLRQDOLW\KDYLQJQRUPDO
FUDQLRIDFLDOPRUSKRORJ\ZHUH recruited for the study > @.$OO WKH VWXG\SDUWLFLSDQWVZHUH DJHG
EHWZHHQ 20 and 60 years; many were residents of the ;L¶DQ6KDDQ[LSURYLQFHMedical images were 
acquired using the clinical multi-slice FRPSXWHG WRPRJUDSK\ CT) scanner system (Siemens 
Sensation 16) belonging to the $IILOLDWHG +RVSLWDO RI 6KDDQ[L 8QLYHUVLW\ RI &KLQHVH 0HGLFLQH.
6WDQGDUG ',&20  LPDJHV ZLWK D UHVROXWLRQ RI  u 512 ZHUH XVHG IRU DOO VDPSOHV 7KH
,QVWLWXWLRQDO 5HYLHZ %RDUG ,5% RI WKH $IILOLDWHG +RVSLWDO RI 6KDDQ[L 8QLYHUVLW\ RI &KLQHVH
0HGLFLQHDSSURYHGWKHVWXG\$OOSDUWLFLSDQWVZHUHSURYLGHGZLWKIXOOGHWDLOVRIWKHVWXG\DQGJDYH
ZULWWHQ LQIRUPHGFRQVHQW  
To eliminate the influence of the brain and interior structure of the skull, the exterior boundary 
was extracted from CT images, and exterior triangular meshes of both skull and face were generated 
[39]. To remove the inconsistency in position and pose, every sample was transformed into a 
standardized Frankfurt Horizontal coordinate system, consisting of four skull landmarks: the left 
porion (Lp), right porion (Rp), left orbital (Lo), and glabella (G). A total of 78 anatomical landmarks 
and corresponding facial landmarks were defined and marked on the skull and face [24]. Fig. 1 
shows the skull and corresponding face models in the Frankfurt coordinate system and Fig. 2 shows 
the 78 skull landmarks and their corresponding facial landmarks. The registration of the skull and 
face directly affects the quality of the dense corresponding vertices and the construction of statistical 
shape spaces. Taking these landmarks as a guide, the iterative closest point (ICP) with scaling, 
generic thin-plate spline (TPS), and compact support radial basis function (CSRBF) methods were 
applied to register a reference skull (or face) and a target skull (or face). The registration process is 
described in our previous paper [24].  
0HWKRGV 
This paper presents a visual and quantitative PCA-based method for determining the craniofacial 
relationship and the sexual dimorphism of face shape variation (Fig. 3). The procedures are as 
follows: (a) the statistical shape spaces of the skull and face are constructed from dense 
corresponding vertices, transforming VKDSHV IURP &DUWHVLDQ FRRUGLQDWHV WR ORZ-GLPHQVLRQ VKDSH
SDUDPHWHUVSDFHV; (b) variations in the dense corresponding vertices of the skull and face, captured in 
every PC, are visualized; (c) the correlation of skull- and face-based PC scores are analysed by 
partial least squares (PLS) analysis; (d) the linear regression method is applied to fit the craniofacial 
relationship based on the PC scores of skulls and corresponding faces. We compute the PC 
coefficients of a face based on a combination of this craniofacial relationship and the PC scores of a 
skull, and apply these coefficients to estimate a 3D face. To evaluate the accuracy of the method, the 
mean and standard deviation of every vertex between two models were calculated, where the two 
models were reconstructed by using PC scores and PC coefficients, respectively; (e) each PC in the 
facial space is analysed for sex determination using SVMs. We examined the effects of the PCs as 
related to sexual GLPRUSKLVP. 
6WDWLVWLFDO6KDSH6SDFH  
A number of basis functions can be generated as a shape space that fits a probability distribution 
to shape space coefficients, and the results can be used to analyse 3D data [40]. 3&$ZDVFRQVLGHUHG
WKHPRVWDSSURSULDWHPHWKRGWR construct statistical shape spaces of the skull (or face),Dfter the GHQVH
FRUUHVSRQGLQJYHUWLFHVRIWKHVNXOORUIDFHIRUHYHU\VDPSOHZLWKLQRXUGDWDVHWKDGEHHQHVWDEOLVKHG
3&$ ZDV DSSOLHG WR VLPSOLI\ HDFK VDPSOH LQ RXU GDWDVHW E\ XVLQJ DYHUDJH VNXOO RU IDFH YHUWH[
FRRUGLQDWHVOLQHDUFRPELQDWLRQVRI3&VFRUHVDQGFRUUHVSRQGLQJRUWKRJRQDO3&V7KHVNXOODQGIDFH
YHUWLFHV RI HDFK VDPSOH DUH GHQRWHG E\  DQG
where N, m, and n denote the number of samples within 
the GDWDVHW, the number of skull vertices, and the number of face vertices, respectively.  
The skull vertex coordinates of each VDPSOHDUHUHSUHVHQWHGE\ 
                                                                (1) 
where denotes the average skull, 1 2 3 N 1[ , , ,..., ] a a a a a denotes the PC scores, consisting of the 
eigenvalues iQ GHVFHQGLQJ RUGHU DQG denotes the corresponding 
orthogonal PCs  
7KHFRUUHVSRQGLQJIDFHYHUWH[FRRUGLQDWHVRIHDFKVDPSOHDUHUHSUHVHQWHGE\  
N 1
1
( ) i i
i
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where
 
denotes the average face, 1 2 3 1[ , , ,... ]N b b b b b denotes the PC scores, consisting of the 
eigenvalues iQ GHVFHQGLQJ RUGHU DQG denotes the corresponding 
orthogonal PCs 
7R LQYHVWLJDWH WKH HIIHFW RI HDFK 3& RQ WKH VNXOO RU IDFH YDULDWLRQ WKH FRRUGLQDWHV RI HDFK
YHUWH[RQWKHQHZO\JHQHUDWHGIDFHZHUHGHILQHGDV 
( ) 3 i iF FO OV  w                                                             (3) 
ZKHUH GHQRWHVWKHVWDQGDUGGHYLDWLRQRIWKHLWK3&DQGWKHZHLJKWLQJFRHIILFLHQWRI3& LVVHWWR
---DQG 
7KHXVHRIGHQVHFRUUHVSRQGLQJYHUWLFHVPHDQVWKDWWKHGLPHQVLRQRIHDFKYHFWRULVH[FHVVLYHO\
ODUJH!DQGWKHUHIRUHZHXVHG7XUN¶VPHWKRGWRVROYHWKHFRYDULDQFHPDWUL[>@$IWHUWKH
3&VFRUHVDQGFRUUHVSRQGLQJ3&VRIWKHVNXOORUIDFHZHUHREWDLQHGWKHJHRPHWULFDOFRRUGLQDWHVRI
HYHU\VNXOORUIDFHGHQRWHGE\PCAskull (or PCAface), ZHUHFDOFXODWHG.7RHYDOXDWHWKHDFFXUDF\
RIWKH3&$UHSUHVHQWDWLRQWKHTXDQWLWDWLYHHUURUof each vertex between the real skull (or face) and 
the PCAskull (or PCAface) ZDVFDOFXODWHGE\   
                                                      (4) 
where DQG  GHQRWHWKHMWKYHUWH[RIWKHLWKVDPSOHUHVSHFWLYHO\ 
WKHLWKVNXOOIDFHLVUHSUHVHQWHGE\3&VFRUHVDQGNGHQRWHVWKHQXPEHURIYHUWLFHV 
This procedure was repeated for all the samples in the dataset, and the average (avergError) of 
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all the error values was calculated by 


                                                 (5) 
ZKHUH 1 DQG N GHQRWH WKH QXPEHU RI VDPSOHV DQG WKH QXPEHU RI YHUWLFHV RI HYHU\ VDPSOH
UHVSHFWLYHO\  
In addition, the standard deviation of each vertex of all the samples between the real skull (or 
face) and the skull (or face) computed by PC scores was calculated. And the average (avergStd) of all 
the standard deviation values of all the samples was calculated.  
&RPSXWDWLRQRI&UDQLRIDFLDO5HODWLRQVKLS    
3/6SURYLGHVDPHWKRG WRYLVXDOL]H UHODWHGYDULDWLRQVDIWHUGHFRPSRVLWLRQRIVKDSHFRPSRQHQWV LQ
GLIIHUHQWD[HV3/6DQDO\VLVKDVSUHYLRXVO\EHHQDSSOLHGWR'IDFLDOPRUSKRORJ\DQGIDFLDORUJDQV
VXFKDVPRXWKQRVHDQGH\HV>@,QFRPSDULVRQWR3&$3/6PD[LPL]HVWKHFRYDULDQFH
DQG WKXV LGHQWLILHV WKH FRPSRQHQWV WKDW DUH PRUH UHOHYDQW 6NXOO- and face-based 3& VFRUHV DUH
UHSUHVHQWHGE\
 
and , where l denotes the number of 
samples within the database, p denotes the number of selected skull-based PCs, and q denotes the 
number of selected face-based PCs. 3/6ZDVDSSOLHGWRVNXOO-DQGIDFH-EDVHG3&VFRUHVWRILQGWKH
FRUUHODWLRQ 
7he FUDQLRIDFLDO UHODWLRQVKLS RI WKH VDPSOHV LQ RXU GDWDVHW ZHUH TXDQWLWDWLYHO\ FRPSXWHG E\
RSWLPL]LQJWKHIROORZLQJHTXDWLRQ  
2 22argmin G u M Skull M - Face M
                                             (6) 
where M denotes the  matrix of regression coefficients and the weighting coefficient isG . 
When the 3& VFRUHV RI D VNXOO LQ RXU GDWDVHW ZHUH SURYLGHG WKH 3& FRHIILFLHQWV RI WKH
FRUUHVSRQGLQJ IDFH ZHUH FDOFXODWHG EDVHG RQ WKH FUDQLRIDFLDO UHODWLRQVKLS 7KH FRRUGLQDWHV RI WKH
HVWLPDWHGIDFHestimatedfacewere then calculated, where WKH3&FRHIILFLHQWVZHUHPXOWLSOLHGE\WKH
FRUUHVSRQGLQJIDFH-EDVHG3&VDQGDGGHGWRWKHFRRUGLQDWHVRIWKHDYHUDJHIDFHPRGHO 
To quantitatively evaluate the accuracy of the computed craniofacial relationship, we calculated 
the TXDQWLWDWLYH HUURU RI each vertex between the PCAface and estimatedface This procedure was 
repeated for each sample, and the average (avergEstimate) was defined by calculating the 
TXDQWLWDWLYH HUURUV of all the samples. In addition, the standard deviation of each vertex was 
calculated and the average (avergEstimateStd) was defined by calculating the standard deviation 
values of all the samples. To analyse the interplay between the choice of PCs and the accuracy of the 
computed craniofacial relationship, we fitted a map M by fixing the skull-based PCs and increasing 
the number of face-based PCs. Subsequently, we created the estimatedface using this fitted map M 
and compared avergEstimate and avergEstimateStd. 
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EHWZHHQPDOHDQGIHPDOHVDPSOHVRQH-ZD\DQDO\VLVRIYDULDQFH$129$ZDVILUVWDSSOLHGWRHDFK
3&WRREVHUYHDQ\VLJQLILFDQWGLIIHUHQFH  
We applied SVMs to the face-based PC scores of dense corresponding vertices (DCS-SVMs) to 
solve the problem of two-class pattern classification, and predicted the sex of a given face. The basic 
principle of SVMs is that they search a linear separating hyperplane, with the maximal margin, by 
mapping the input data into a higher dimensional space. The radial basis function (RBF) kernel 
nonlinearly maps samples into a higher dimensional space to overcome the problem that the 
relationship between class labels and attributes is nonlinear, and face-based PC scores are 
approximated by Gaussian distribution, similar to the RBF kernel [41, 42]. Therefore, SVMs with an 
RBF kernel were used as the classifier, where  is the width of the 
Gaussian cluster. In our method, we use LIBSVM to create SVMs and optimize all the parameters 
[43].     
To investigate whether the choice of PCs affects the accuracy of sex determination, the sex 
classifier was repeatedly executed, with an increased number of face-based PCs To evaluate the 
generalizability of the model fitting, we applied 5-fold cross-validation to the dataset for the sex 
determination. All the faces were randomly divided into five groups, where each group consisted of 
50% males and 50% females. A classifier was then constructed, based on four groups using SVMs, 
and each face of the remaining group was used as a test sample.   
In this study, dense corresponding vertices were constructed on the skulls and faces in our dataset. 
Visualization of the shape variability, captured in every PC, was done using C++ and OpenGL, and 
the computation of the craniofacial relationship and the sex determination were done using 
MATLAB R2012b.  
3. 5HVXOWV 
3.1 6WDWLVWLFDO6KDSH6SDFHV  
(DFK VNXOO RU IDFH KDV EHHQ UHSUHVHQWHG E\ 3&$ DQG WKH 3&V DUH VRUWHG DFFRUGLQJ WR
WKH GHVFHQGLQJ RUGHU RI HLJHQYDOXHV 7R UHSUHVHQW D VNXOO RU IDFH ZH XVH WKH WHUPLQRORJ\ 3&V L
ZKHUHLLVWKHILUVWL3&VLQWKHOLVW For statistical shape spaces of the skull, a total of3&V
3&V  DQG  3&V  3&V DFFRXQWHG IRU RYHU  RI YDULDQFH LQ WKH PDOH GDWDVHW IHPDOH
GDWDVHWDQGWKHGDWDVHWFRQWDLQLQJERWKVH[HVUHVSHFWLYHO\For the statistical shape spaces of the face, 
a total of 3&V 3&VDQG3&V3&VDFFRXQWHGIRURYHUYDULDQFH LQ WKH
PDOH GDWDVHW IHPDOH GDWDVHW DQG WKH GDWDVHW FRQWDLQLQJ ERWK VH[HV UHVSHFWLYHO\ 7R VKRZ WKH
UHSUHVHQWDWLRQDFFXUDF\DFKLHYHGE\XVLQJ3&$WKHaverage and standard deviation of every vertex 
of all the samples within our dataset are depicted in graphical format with a colour bar using PCs 1, 
PCs 10, PCs 20, PCs 30, and PCs 35 (Figs. 4 and 5). Figs. 6a and 6b show avergError and avergStd 
values, respectively, when the number of face-based PCs was increased. These results show that 
avergError value decreases with an increased number of PCs, because more shape detail is contained 
when a larger number of PCs are employed.   
3.2 6KDSH9DULDWLRQ LQWKH6NXOODQG)DFH  
ToH[DPLQHWKHSRWHQWLal shape differences that constitute sexual dimorphism, WKHYLVXDOL]DWLRQV
RIWKHVNXOORUIDFHFDSWXUHGLQHDFKVLQJOH3&ZHUHFUHDWHGVHH)LJVDQG7KHVHDUHGHQRWHG
DV3&L ,ZKHUHLLQGLFDWHVWKHLLQGH[RIWKH3&3&LGHQRWHVWKHZHLJKWLQJFRHIILFLHQW DVDQG
2( , ) exp( 2 )i j i jk x x x x G   G
O
3&L-GHQRWHVWKHZHLJKWLQJFRHIILFLHQW DV-  
Fig. 7 shows the skull shape variation related to PC1, PC2, PC3, PC4, and PC5.7KHWZROHDGLQJ
3&VUHIOHFWRIWKHWRWDOYDULDELOLW\$FRPSDULVRQRI3&DQG3&-UHYHDOVWKDWDGHFUHDVHLQ
3&¶VVFRUHLVUHODWHGWRDQHQODUJHPHQWDQGZLGHQLQJRIWKHVNXOO$FRPSDULVRQRI3&DQG3&-
UHYHDOVWKDWDGHFUHDVHLQ3&¶VVFRUHLVFRQQHFWHGWROHQJWKHQLQJDQGQDUURZLQJLQWKHORZHUWKLUGRI
WKH VNXOO DV ZHOO DV WR WKH FRQYH[LW\ RI WKH VNXOO IRUHKHDG $ GHFUHDVH LQ 3&¶V VFRUH VHHPV WR
H[SODLQWKHZLGHQLQJRIWKHXSSHUWKLUGRIWKHVNXOODQGPDQGLEOHFRQWUDFWLRQ$GHFUHDVHLQ3&¶V
VFRUHVHHPVWREHUHODWHGWRDQDUURZHUDQGVKRUWHUXSSHUWKLUGRIWKHVNXOOEXWLQGLFDWHVWKDWWKHEDFN
RI WKH VNXOO LV FRQYH[ $ GHFUHDVH LQ 3&¶V VFRUH DSSHDUV WR H[SODLQ D QDUURZHU XSSHU WKLUG DQG
VKRUWHUERWWRPWKLUGRIWKHVNXOO 
 Fig. 8 shows the face shape variation related to PC1, PC2, PC3, PC4, and PC5ZLWK WKH WZR
OHDGLQJ3&VUHIOHFWLQJRIWKHWRWDOYDULDELOLW\$FRPSDULVRQRI3&DQG3&-UHYHDOVWKDWD
GHFUHDVH LQ 3&¶V VFRUH LV UHODWHG WR D QDUURZHU DQG VKRUWHU IDFH DV ZHOO DV WR D QDUURZHU QHFN
ZKHUHDVDGHFUHDVHLQ3&¶VVFRUHLVUHODWHGWRDOHQJWKHQLQJDQGZLGHUIDFH$FRPSDULVRQRI3&
DQG3&- UHYHDOV WKDW DGHFUHDVH LQ3&¶V VFRUH LVFRQQHFWHG WR OHQJWKHQLQJDQGQDUURZLQJRI WKH
ORZHUWKLUGRIWKHIDFHDVZHOODVWRIRUHKHDGFRQYH[LW\$FRPSDULVRQRI3&DQG3&-UHYHDOVWKDW
DGHFUHDVHLQ3&¶VVFRUHLVFRQQHFWHGWRDVKRUWHUDQGZLGHUORZHUWKLUGRIWKHIDFH$GHFUHDVHLQ
3&¶VVFRUHDSSHDUVWRUHSUHVHQWDZLGHQLQJXSSHUWKLUGDQGQDUURZHUERWWRPWKLUGRIWKHIDFH 
2YHUDOO WKH FRPSDULVRQEHWZHHQ VNXOO- DQG IDFH-EDVHG 3&V UHYHDOV WKDW VNXOO-EDVHG3&DQG
IDFH-EDVHG3&DQGVNXOO-based PC2 and face-based PC3 appear to explain shape variation along a 
similar direction (Fig. 9). 
3.3 &RPSXWDWLRQRI&UDQLRIDFLDO5HODWLRQVKLS 
3&VFRUHVZHUHXVHG WRTXDQWLI\ WKHshape YDULDWLRQ LQERWK WKH VNXOO DQG IDFH DQG3/6ZDV
XVHG WRTXDQWLWDWLYHO\ H[DPLQH WKHFRUUHODWLRQVEHWZHHQ VNXOO- DQG IDFH-EDVHG3& VFRUHV IRU HYHU\
VDPSOHLQWKHGDWDVHW (Fig. 10a). An example of the first PLS axes is depicted in Fig. 10b; it indicates 
that there exists an approximate linear relationship between t1 and u1, and thus, DPXOWLYDULDWHOLQHDU
UHJUHVVLRQFDQEHXVHGWRGHWHUPLQHWKHFUDQLRIDFLDOUHODWLRQVKLSEHWZHHQVNXOO-DQGIDFH-EDVHG3&
VFRUHV 
6LQFHWKHVH[RIWKHVXEMHFWSOD\VDVLJQLILFDQWUROHLQWKHFUDQLRIDFLDOUHODWLRQVKLSZHVHSDUDWHG
WKHGDWDEDVHLQWRWZRJURXSVVNXOO-EDVHG3&VDQGIDFH-EDVHG3&VIRUPDOHVDQGVNXOO-EDVHG
3&V  DQG IDFH-EDVHG 3&V  IRU IHPDOHV Fig. 11 shRZV H[DPSOHV RI WKH estimatedface models 
when the number of face-based PCs is increased. Fig. 12 shRZVWKHTXDQWLWDWLYHHUURUDQGVWDQGDUG
GHYLDWLRQof every vertex between PCAface and estimatedface, using face-based PCs 1, PCs 10, PCs 
20, PCs 30, and PCs 35,ZKLFKZHUHXVHGWRDVVHVV the number of PCs that affect the accuracy of the 
craniofacial relationship. Fig. 13 shows the avergEstimate and avergEstimateStd values, with an 
increased number of face-based PCs. These results indicate that the avergEstimate and 
avergEstimateStd values of both sexes decrease when the number of face-based PCs is increased.  
The purpose of craniofacial reconstruction is to generate a life-like 3D facial appearance for an 
unidentified skull. To validate the effectiveness of our computed craniofacial relationship application 
in craniofacial reconstruction, the leave-one-out cross validation was used, i.e., each sample in our 
database was chosen as a test case, and the other samples were used as training dataset for map fitting. 
Fig. 14 shows some of the best examples of the estimated facial appearances using IDFH-EDVHG3&V
IRUPDOHVDQG face-based PCs 39 for females. Fig. 15 shows the geometric deviations of every vertex 
O
between PCAface and estimatedface. The avergEstimate was 4.88 mm for females and 5.56 mm for 
males.  
3.4 )DFH6KDSH9DULDWLRQ5HODWHGWR6H[ 
As seen in Fig. 8, it seems that sH[XDO GLPRUSKLVP LV GLIIHUHQWLDWHG LQ WKH QHJDWLYH DQG WKH
SRVLWLYHGLUHFWLRQVLQthe first two PCs. To quantitatively test the significant difference between the 
sex and every PC, $129$ ZDV DSSOLHG WR WKH VDPSOHV RI ERWK VH[HV 7KH VH[ FODVVLILFDWLRQ DQG
VLJQLILFDQWGLIIHUHQFHVLQHDFK3&DUHLOOustrated in Fig. 16a. SVMs were conducted to illustrate their 
influence on sexual dimorphism (Fig. 16b). The results for PC13&DQG3&DUHDOOVWDWLVWLFDOO\
significant (p < 0.005), and correspond to the highest correct sexual classification. Fig. 17 VKRZVWKH
IDFH VKDSH YDULDWLRQ UHODWHG WR 3& DQG GHSLFWV WKH VH[ GLPRUSKLVP EHWZHHQ WKH QHJDWLYH DQG
SRVLWLYH GLUHFWLRQV 7R DVFHUWDLQ WKH HIIHFW RI WKH FKRLFH RI 3&V RQ WKH DFFXUDF\ RI WKH VH[
FODVVLILFDWLRQ -IROG FURVV-YDOLGDWLRQ ZDV SHUIRUPHG ZLWK DCS-690V DQG OLQHDU GLVFULPLQDQW
DQDO\VLV EHLQJ DSSOLHG WR GHQVH FRUUHVSRQGLQJ YHUWLFHV DCS-OLQHDU DV VKRZQ Ln Fig. 18. 7KH
KLJKHVWVH[FODVVLILFDWLRQDFFXUDF\RIDCS-690VZDVDOPRVWFRUUHVSRQGLQJWR3&VDQG
WKHKLJKHVWVH[FODVVLILFDWLRQDFFXUDF\RIDCS-OLQHDUZDVFRUUHVSRQGLQJWR3&V:HDOVR
DSSOLHG 690V WR WKH ODQGPDUNV (Landmarks-609V ZKLFK \LHOGHG WKH KLJKHVW FRUUHFW VH[
FODVVLILFDWLRQDFFXUDF\LV 
4 'LVFXVVLRQ  
The craniofacial relationship and the sexual dimorphism of face shape variation play a significant 
role in the fields of forensic science and anthropology. In this study, PCA was used to construct the 
statistical shape spaces of the skulls and faces in our dataset, and the visual and quantitative 
PCA-based method was used to analyse the effectiveness of PC scores in quantifying the skull and 
face shape variability. We described the use of PC scores to represent the craniofacial relationship by 
a linear regression for all the samples in our dataset, and showed the influence of the use of PCs on 
face shape variability and the expression of sexual dimorphism. 
Because manually marked landmarks are more accurate in terms of their positioning, PDM [44] 
and GMM [29] derived from a limited number of landmarks have been widely used for face shape 
variation analysis. 7RFDSWXUHPRUHGHWDLO WKHXVHRIdense corresponding vertices of the skull and 
face is DSRWHQWLDOVROXWLRQ. 2ZLQJWRWKHFRPSOH[VKDSHVLQYROYHGLWUHPDLQVDFKDOOHQJHWRHVWDEOLVK
homologous, dense one-to-one corresponding vertices of the skull and face. 0RGHO DOLJQPHQW
WHFKQLTXHVKDYHEHHQXVHGWRREWDLQDFORVHPDWFKEHWZHHQWHPSODWHVDQGRWKHUPRGHOVZKHUHWKH
FORVHVW SRLQW LV DOZD\V WDNHQ DV WKH FRUUHVSRQGLQJ YHUWH[ 7KH ZLGHO\ XVHG ULJLG DQG QRQ-ULJLG
UHJLVWUDWLRQ PHWKRGV KDYH EHHQ DSSOLHG WR LPSURYH WKH DFFXUDF\ RI UHJLVWUDWLRQ IRU H[DPSOH
JHQHUDOL]HG3URFUXVWHVDQDO\VLV*3$DQG736>@,&3DQG736>@736DQG&65%)
>@736±530 >@ DQG VWDWLVWLFDO PRGHO-EDVHG UHJLVWUDWLRQ > @ ,Q RXU VWXG\ IDFLDO DQG VNXOO
ODQGPDUNV ZHUH PDQXDOO\ PDUNHG WR LPSURYH WKH UHJLVWUDWLRQ DFFXUDF\ DQG REWDLQ KLJK TXDOLW\
FRUUHVSRQGLQJ YHUWLFHV EHWZHHQ GLIIHUHQW VDPSOHV +RZHYHU EHFDXVH ODQGPDUNV DUH ODFNLQJ DW WKH
EDFNRI WKHKHDGDQG WKH VKDSHDURXQG WKHQHFNYDULHV ORZTXDOLW\FRUUHVSRQGLQJYHUWLFHVDOZD\V
RFFXUUHGLQWKHVHUHJLRQV  
3&VZHUHXVHGWRYLVXDOL]HDQGDQDO\VHIDFHVKDSHYDULDWLRQLQSUHYLRXVVWXGLHV>@
7KHFRUUHODWLRQEHWZHHQIDFHVKDSHYDULDWLRQDQGSURSHUWLHVUHODWHGWRVH[DJHSRSXODWLRQHWFKDV
EHHQ LQYHVWLJDWHG ZLWK WKH IDFLDO JHRPHWULFDO VKDSHV UHODWHG WR HDFK VLQJOH 3& EHLQJ YLVXDOL]HG
+RZHYHUIHZVWXGLHVKDYHYLVXDOO\LQYHVWLJDWHGWKHFUDQLRIDFLDOUHODWLRQVKLSLQWHUPVRI3&V,QRXU
VWXG\WRLQYHVWLJDWHWKHFRUUHODWLRQEHWZHHQWKHVNXOODQGIDFHERWKVNXOODQGIDFHVKDSHYDULDWLRQ
FRUUHVSRQGLQJWRHDFKVLQJOH3&ZHUHILUVWYLVXDOL]HG7KHVKDSHYDULDWLRQIURP3&WR3&VKRZHG
WKDWWKHSDLUVVNXOO-EDVHG3&DQGIDFH-EDVHG3&DQGVNXOO-EDVHG3&DQGIDFH-EDVHG3&VHHPWR
KDYHDUHODWHGVKDSHLQIOXHQFH$OWKRXJKIDFH-EDVHG3&H[SODLQVWKHZLGHQLQJDQGHQODUJHPHQWRI
WKH IDFH LW DOVR H[SODLQV WKH YDULDWLRQ LQ WKH QHFN VKDSH ,Q D SUHYLRXV VWXG\ >@ WKH FRUUHODWLRQ
EHWZHHQ ERQ\ DQG FXWDQHRXV ODQGPDUN FRQILJXUDWLRQV ZDV DQDO\VHG XVLQJ WKH WZR-EORFNV 3/6
PHWKRG :HH[WHQGHG WKH3/6DQDO\VLV WRTXDQWLWDWLYHO\GHWHFW FRUUHODWLRQVEHWZHHQ WKH VNXOO- DQG
IDFH-EDVHG3&VFRUHV:HIRXQGDQDSSUR[LPDWHOLQHDUUHODWLRQVKLSEHWZHHQWKHVNXOO-DQGIDFH-EDVHG
3& VFRUHV DQG WKHUHIRUH WKHPXOWLYDULDWH OLQHDU UHJUHVVLRQZDVXVHG WR GHWHUPLQH WKH FUDQLRIDFLDO
UHODWLRQVKLS 
3& VFRUHV KDYH EHHQ XVHG WR TXDQWLI\ VNXOO DQG IDFH VKDSH YDULDWLRQ DQG WKHUHIRUH WKH
FUDQLRIDFLDOUHODWLRQVKLSKDVEHHQFRPSXWHGE\OHDUQLQJDPDSSLQJEHWZHHQskull- and corresponding 
face-based PC scores >- -@ +RZHYHU IHZ VWXGLHV KDYH LQYHVWLJDWHG WKH LQIOXHQFH RI WKH
FKRLFH RI 3&V on the obtained accuracy of the FUDQLRIDFLDO UHODWLRQVKLS 8QGHUVWDQGLQJ DQG
TXDQWLI\LQJ WKH LPSDFW RI WKH 3&V ZLOO KHOS WR LPSURYH WKH DFFXUDF\ RI 3&$-EDVHG FUDQLRIDFLDO
UHODWLRQVKLSFRPSXWDWLRQ,QRXUVWXG\WKHVNXOO-EDVHG3&VFRUHVRIHDFKVDPSOHLQRXUGDWDVHWZHUH
WDNHQ DV WKH LQGHSHQGHQW YDULDEOH DQG WKH FRUUHVSRQGLQJ IDFH-EDVHG 3& VFRUHV ZHUH WDNHQ DV WKH
GHSHQGHQW YDULDEOH /LQHDU UHJUHVVLRQ ZDV XVHG WR FRPSXWH WKH PDSSLQJ EHWZHHQ VNXOO- DQG
IDFH-EDVHG3&VFRUHVDQGWKHQXPEHURIIDFH-EDVHG3&VZDVYDULHG,QSUHYLRXVVWXGLHVWKHDFFXUDF\
RI WKHPDSSLQJZDVDVVHVVHGXVLQJ the geometrical error between the estimatedface and the closest 
points on the real face. To improve on this ZH FRPSDUHG WKH TXDQWLWDWLYH HUURU DQG VWDQGDUG
GHYLDWLRQRIHYHU\YHUWH[avergEstimate and avergEstimateStd EHWZHHQestimatedface and 3&$IDFH
7KHgeometric deviations RIWKHPDMRULW\RIUHJLRQVDUHVPDOOHUZKHQDOO WKHVDPSOHVZHUHXVHGDV
WUDLQLQJGDWDVHW DQG WKH regions IRUZKLFK WKH UHVXOWVZHUHPRVW inaccurate were those around the 
ears and neck 7KLV GHPRQVWUDWHV WKDW OLQHDU UHJUHVVLRQ LV VXLWDEOH IRU ILWWLQJ WKH FUDQLRIDFLDO
UHODWLRQVKLS ,Q DGGLWLRQ ERWK avergEstimate and avergEstimateStd of JHRPHWULF deviations 
GHFUHDVHGZKHQWKHQXPEHURI3&VZDVLQFUHDVHGEHFDXVHPRUHJHRPHWULFDOGHWDLOVZHUHXVHGIRU 
map fitting  
We used the leave-one-out cross validation to assess the predictability of the fitted mapping. As 
seen in Fig. 15, larger geometric deviations were observed around the cheek, which illustrates that 
the fitted craniofacial relationship derived from the training dataset is not complete consistent with 
test skull in this region. This finding was demonstrated in the studies presented in [18, 24], which 
showed that the largest and most notable variation is observed around the cheek, and FSTT is 
affected by the sample properties (such as sex, age, BMI, etc.). These properties should be 
considered to improve the prediction ability of the map fitting. In addition, larger geometric 
deviations are still observed around the top of the head, because the skull shape variation is not 
completely consistent with the face shape variation in this region, despite the FSTT being smaller. 
The highest geometric deviations were observed around the ears and neck. One probable explanation 
for this is that the geometrical shapes of the neck and ears weakly correlate with the corresponding 
bones. Since our previous work has presented that the most obvious reconstruction errors happened 
in the front of head, which need to pay more attention[3, 24], the reconstruction errors in this region 
have been further analysed. Almost 56% of the front vertices showed deviations that were less than 
5.0 mm for females, and 42% showed deviations that were less than 5.0 mm for males. In 
comparison to the case where all the samples were used as a training dataset, the geometric 
deviations were much larger using leave-one-out cross validation.  
Studies in the literature [8, 30-32] confirm the sexual dimorphism of facial shape, i.e. that the 
average size of the male face is greater than the female face. Chakravarty et al. evaluated the effect of 
the sex and age of a person on the PCs of face landmarks, and demonstrated that each PC encodes a 
different relationship between facial features [8]. Logistic regression was performed to determine 
which combination of PCs of facial landmarks distinguished males and females [32]. Mydlová et al. 
used a two-way MANOVA to analyse the dependence of facial shape on sex and age, and showed 
that both factors significantly influence the facial form and shape [31]. Velemínská et al. revealed 
that facial variability was characterized by a strong relationship between the facial size and the shape 
of sexual dimorphic traits, and they used discriminant function analysis to assess the sex 
classification accuracy for PC1 and PC2 [30]. In our paper, we have proposed a visual and 
quantitative analysis applied for each PC. Tests were conducted to examine whether significant 
differences related to sex exist; SVMs were used to compute the sex classification. The visualization 
of 3&L ZDVXVHGWRVKRZsignificant differences in the analysis and sex classification results. The 
results showed a significant difference between the PC scores and sex (p < 0.005) and the highest sex 
classification accuracy of PC1 and PC2 confirmed that face size is strongly correlated with sex. In 
addition, we observed that PC18 (p < 0.005) was strongly correlated with the sex of a person, 
corresponding to OHQJWKHQLQJ in the lower third of the face, and broadening of the mouth and chin, 
and these attributes make the face appear more masculine. 
PC scores have been widely used for sex classification in previous studies [35, 49, 50]. In our 
study, to evaluate the PCs¶ impact on sex determination, training and testing steps were performed 
using a 5-fold cross-validation experiment. The results showed that sex can be identified based on PC 
scores, and the accuracy for determining sexual dimorphism was related to the choice of PCs. For 2D 
appearance-based sex classification, the performance of SVMs has been demonstrated to be superior 
to other traditional pattern classifiers, for example, linear, Fisher linear discriminant, and radial basis 
function (RBF) classifiers [51]. Therefore, we extended SVMs to construct sex classifiers for 3D 
faces. According to the results of our experiments, sex classification accuracy is related to the choice 
of PCs, and the highest sex classification accuracy was FRUUHVSRQGLQJWR3&V The use of 
SVMs with an RBF kernel was more effective than that of linear discriminant analysis, and the use of 
dense corresponding vertices was more effective than that of landmarks.  
5 &RQFOXVLRQ 
In our study, we have applied PCA to dense correspondence vertices to reduce data dimensions 
and have proposed a visual and quantitative PCA-based method to analyse the craniofacial 
relationship and facial sexual dimorphism. :H DQDO\VHG WKH FRUUHODWLRQ EHWZHHQ VNXOO- DQG
IDFH-EDVHG3&VFRUHVVRWKDWOLQHDUUHJUHVVLRQFRXOGEHXVHGWRUHSUHVHQWWKHFUDQLRIDFLDOUHODWLRQVKLS
7KH DFFXUDF\ RI WKH FUDQLRIDFLDO UHODWLRQVKLS FRPSXWDWLRQ LQFUHDVHG ZKHQ D ODUJHU QXPEHU RI
IDFH-EDVHG 3&V ZHUH XVHG We examined the correlation between PCs and sex classification, and 
explored the impact of the choice of PCs on the expression of sexual GLPRUSKLVP. Sex classification 
accuracy is related to the choice of PCs, and the highest sex classification accuracy achieved was 
91.43%. Although linear regression successfully fitted the mapping between the skull- and 
face-based PC scores of all the samples in our dataset, it remains a challenge to improve the 
prediction ability. Further studies should be conducted to address the problem of over-fitting, and 
improve the accuracy of craniofacial reconstruction. 
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Fig. 2. 78 skull landmarks and the corresponding 78 facial landmarks.
 )LJ2YHUYLHZRIWKHFRPSXWDWLRQRIcraniofacialUHODWLRQVKLSDQGVH[XDOGLPRUSKLVPRIIDFLDOVKDSH 
 
)LJ7Ke quantitative error of every vertex between real face and PCAface for male samples (top) and female samples (bottom). From left 
to right, each figure shows quantitative error using PCs 1, PCs 10, PCs 20, PCs 30 and PCs 35. 
 
 
)LJ7KHVWDQGDUGGHYLDWLRQRIHYHU\YHUWH[between real face and PCAface for male samples (top row) and female samples (bottom row). 
From left to right, each figure shows VWDQGDUGGHYLDWLRQ using PCs 1, PCs 10, PCs 20, PCs 30 and PCs 35. 
 
   
(a) 
 
(b) 
Fig. 6. The geometric deviations of all the samples between real face and PCAface when the number of face-based PCs is increased. (a) 
avergError; (b) avergStd. 
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)LJ7KHFRPSDULVRQRIVKDSHYDULDWLRQEHWZHHQ3&LIOHVKFRORUDQG3&L±JUH\FRORUD)URPOHIWWRULJKWHDFKILJXUHVKRZVWKH
LQIOXHQFHRI3&3&3&3&DQG3&RQIDFHVKDSHYDULDWLRQE)URPOHIWWRULJKWHDFKILJXUHVKRZVWKHLQIOXHQFHRI3&3&3&
3&DQG3&RQVNXOOVKDSHYDULDWLRQ 
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)LJ&RUUHODWLRQEHWZHHQVNXOO-DQGIDFH-EDVHG3&VFRUHVD)DFH-EDVHGOHIW LPDJHDQGVNXOO-EDVHGULJKWLPDJH3&VFRUHVRIHYHU\
VDPSOHZLWKLQRXUGDWDVHWVE7KHUHODWLRQVKLSVRIWKHILUVW3/6FRPSRQHQWVWDQGX   
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)LJ  6RPH H[DPSOHV RI HVWLPDWHG IDFLDO DSSHDUDQFHV XVLQJ OLQHDU UHJUHVVLRQ )URP OHIW WR ULJKW HDFK ILJXUH VKRZV WKH UHDO IDFLDO
DSSHDUDQFHDQGWKHHVWLPDWHGDSSHDUDQFHXVLQJPCs 1, PCs 10, PCs 20, PCs 30 and PCs 35. (a) Male examples; (b) Female examples. 
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Fig. 12. The geometric deviations of every vertex between PCAface and estimatedface for male samples (top row) and female samples 
(bottom row), when the number of face-based PCs is increased. (a) From left to right, each figure shows quantitative error using PCs 1, PCs 
10, PCs 20, PCs 30 and PCs 35. (b) From left to right, each figure shows standard deviation using PCs 1, PCs 10, PCs 20, PCs 30 and PCs 35. 
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(b) 
Fig. 13. The geometric deviations of all the samples between PCAface and estimatedface with an increased number of face-based PCs. (a) 
avergEstimate; (b) avergEstimateStd.  
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E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)LJ6RPHJRRGH[DPSOes of estimated facial appearance using the leave-one-out cross validation. Each left figure shows the real facial 
appearance and the right figure shows the estimated appearance. (a) Female examples; (b) Male examples.  
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)LJ 7KHgeometric deviations of every vertex between PCAface and estimatedface for female samples (left) and male samples (right) 
using the leave-one-out method. (a) quantitative error; (b) standard deviation.  
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 E 6H[
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